
CS 310: Algorithms

Instructor: Naveed Anwar Bhatti

Lecture 22

Few Slides taken from Dr. Imdad’s  CS 510 course
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Max Flow – Problem with the Algorithm

S T

A

B

1

1

1

1

1



3

Max Flow – Problem with the Algorithm

S T

A

B

1

1

1

1

1

1



4

Max Flow – Problem with the Algorithm

S T

A

B

1

1

1

1

1

1

1



5

Max Flow – Problem with the Algorithm

S T

A

B

1

1

1

1

1

1

1

1



6

Max Flow – Problem with the Algorithm
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Max Flow – Problem with the Algorithm
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No s - t path in the remaining graph
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Max Flow – Fix for the Algorithm

• A more general way of pushing further flow is to push forward flow on edges 
where some capacity is remaining

• Cancel existing flow on the edges already carrying some flow
• Think of it as pushing flow backward
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Max Flow – Fix for the Algorithm

• A more general way of pushing further flow is to push forward flow on edges 
where some capacity is remaining

• Cancel existing flow on the edges already carrying some flow
• Think of it as pushing flow backward

S T

A

B

1

1

0

1

1

• Add one unit of flow via the s, b, a, t path
• ba ∉ E, but we can cancel the existing flow on the ab ∈ E



11

Max Flow – Residual Network

• Cancellation of existing flows on edges (if need be) is the right 
framework to add more flow

• A systematic way to search for the right place to cancel flow and 
adding more flow is to use the residual network
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Max Flow – Residual Network
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Max Flow – Residual Network
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Max Flow – Residual Network
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Max Flow – Augmenting Path

An augmenting path is a simple s - t path in the residual graph 𝐆𝐟
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Max Flow – Augmenting Path

An augmenting path is a simple s - t path in the residual graph 𝐆𝐟
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Max Flow – Augmenting Path

An augmenting path is a simple s - t path in the residual graph 𝐆𝐟
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Augmenting path theorem: Flow f is a max flow iff there are no augmenting paths.
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Max Flow – Augmenting Path

An augmenting path is a simple s - t path in the residual graph 𝐆𝐟
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Max-flow min-cut theorem: [Elias-Feinstein-Shannon 1956, Ford-Fulkerson 1956]

The value of the max flow is equal to the value of the min cut.

Augmenting path theorem: Flow f is a max flow iff there are no augmenting paths.
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Max Flow – Augmenting Path
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Max Flow – Augmenting Path
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Max Flow – Augmenting Path
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Max Flow – The Ford-Fulkerson Algorithm
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The Ford-Fulkerson - Demo

S TA D

B C

10

10

2

4

8

9

6 10

10

Min-Cut = 19

or

Max-flow = 19



36

The Ford-Fulkerson - Demo
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The Ford-Fulkerson - Demo

S TA D

B C

10
8

10

2

4

8

9

6 10

10
0

0

0

8

0

0

0

8

S TA D

B C

10

10

2

4

8

9

6 10

10

Residual Network

Flow Value = 8



41

The Ford-Fulkerson - Demo

S TA D

B C

10
8

10

2

4

8

9

6 10

10
0

0

0

8

0

0

0

8

S TA D

B C

2

10

2

4

8

9

6 10

2

Residual Network
8

8

Flow Value = 8



42

The Ford-Fulkerson - Demo

S TA D

B C

10
8

10

2

4

8

9

6 10

10
0

0

0

8

0

0

0

8

S TA D

B C

2

10

2

4

8

9

6 10

2

Residual Network Bottleneck (P) = 2
8

8

Flow Value = 8



43

The Ford-Fulkerson - Demo

S TA D

B C

10
10

10

2

4

8

9

6 10

10
0

2

0

8

2

0

0

10

S TA D

B C

2

10

2

4

8

9

6 10

2

Residual Network Bottleneck (P) = 2
8

8

Flow Value = 10



44

The Ford-Fulkerson - Demo

S TA D

B C

10
10

10

2

4

8

9

6 10

10
0

2

0

8

2

0

0

10

S TA D

B C

10

10

2

4

8

7

6 10

10

Residual Network

Flow Value = 10

2



45

The Ford-Fulkerson - Demo

S TA D

B C

10
10

10

2

4

8

9

6 10

10
0

2

0

8

2

0

0

10

S TA D

B C

10

2

4

8

7

6 10

10

Residual Network Bottleneck (P) = 6

Flow Value = 10

2

10



46

The Ford-Fulkerson - Demo
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The Ford-Fulkerson - Demo
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The Ford-Fulkerson - Demo
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The Ford-Fulkerson Algorithm – Time Complexity

O(V+E)
O(V+E)

O(E)

O(f)

O(f E) when E >= V
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How O(f E)?    Why O(f E)?    When O(f E)?
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Thanks a lot

If you are taking a Nap, wake up........Lecture Over
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