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@ Administrivia
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Chapter 5:
Divide and Conquer

Master Theorem

- Mlgorithm Design

JON KLEINBERG * EVA TARDOS

e Use of Master Theorem (last time)
* Proof of Master Theorem (today)




@ What is Master Theorem?

Theorem

If T(n) = aT (g) + f(n) (for constants a>0, b> 1)

Then let T(n) has the following asymptotic bounds:

1. Iff(n) = O(nlogb “‘6) for some constant € > 0, then T(n) = O(n!'°8» ¢)

2. Iff(n) = @(nlogb “), thenT(n) = @(nlogb g n)

3. Iff(n) = Q(nlogb “+6) for some constant € > 0, and if af (n/b) < cf(n), for
some constant ¢ < 1 and all sufficiently large n, then T(n) = 0(f (n))



@ Master Method — Example 1

* Using Master Theorem, find the asymptotic bounds of:
n
T(n) = 9T(§)+n
Master Theorem
T(n) =aT(n/b) + f(n)
1. If f(n) = 0(n'8» 7€) for some constant € > 0, then T(n) = 0(n!°8» %)
2. Iff(n) = @(nlogb a), then T(n) = @(nlogb Y1g n)

3. Iff(n)= Q(nlogb “+6) for some constant € > 0, and if af (n/b) < cf(n), for some constant
c < 1 and all sufficiently large n, then T(n) = 0(f(n))



@ Master Method — Example 2

* Using Master Theorem, find the asymptotic bounds of:

T(n)=T<2?n)+1

Master Theorem

T(n) =aT(n/b) + f(n)

1. Iff(n) = O(nlogb a‘e) for some constant € > 0, then T(n) = 0(n!°8 %)
2. Iff(n) = @(nlogb a), thenT(n) = @(nlogb g n)

3. Iff(n)= Q(nlogb a+€) for some constant € > 0, and if af (n/b) < cf(n), for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))



@ Master Method — Example 3

* Using Master Theorem, find the asymptotic bounds of:

T(n) =3T (g) + nign

Master Theorem

T(n) = aT(n/b) + f(n)

1. Iff(n) = O(nlogb a‘e) for some constant € > 0, then T(n) = 0(n'°8 %)
2. Iff(n) = @(nlogb a), thenT(n) = @(nlogb Y1g n)

3. Iff(n)= Q(nlogb “+6) for some constant € > 0, and if af (n/b) < cf(n), for some constant
c < 1 and all sufficiently large n, then T(n) = 0(f(n))



@ Master Method — Example 4

* Using Master Theorem, find the asymptotic bounds of:
n
T(n) = 2T (E) +o(n)

Master Theorem

T(n) =aT(n/b) + f(n)

1. Iff(n) = O(nlogb a‘e) for some constant € > 0, then T(n) = 0(n'°8» %)
2. Iff(n) = @(nlogb “), thenT(n) = @(nlogb g n)

3. Iff(n)= Q(nlogb “+€) for some constant € > 0, and if af (n/b) < cf(n), for some constant
c < 1 and all sufficiently large n, then T(n) = 0(f(n))



@ Master Method — Example 5

* Using Master Theorem, find the asymptotic bounds of:
n
T(n) = 8T (E) + 0(n?)
Master Theorem
T(n) =aT(n/b) + f(n)
1. If f(n) = 0(n'8» 7€) for some constant € > 0, then T(n) = 0(n!°8» %)
2. Iff(n) = @(nlogb a), then T(n) = @(nlogb Y1g n)

3. Iff(n)= Q(nlogb “+6) for some constant € > 0, and if af (n/b) < cf(n), for some constant
c < 1 and all sufficiently large n, then T(n) = 0(f(n))



@ Master Theorem — Proof (Merge-Sort Example)

fin)
/\
o) o) 270 2
n n n n n .7
1) 1) ) 1) 4f()  2*ix)

O ) ) ) D) fo) ) D) sl 2

AAAA AAAA

o) o) 61 e @(1) @(1) @(1) @(1) 210921 )

12




@ Master Theorem - Proof
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logy n—1
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Case l: f(n) = (nlogb a—e)
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Case l: f(n) = (nlogb a—e)
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Case l: f(n) = (nlogb a—e)

Total cost is, T(n) = n'o9p® +
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Case 2: f(n) = (nlogb a)
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Case 3: f(n) = (nlogb a+e)
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Thanks a lot

Lecture Over
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