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Chapter 5:
Divide and Conquer 

Master Theorem

• Use of Master Theorem (last time)
• Proof of Master Theorem (today)



Theorem

What is Master Theorem?
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If  𝑇 𝑛 = 𝑎𝑇
𝑛

𝑏
+ 𝑓 𝑛 (for constants a>0, b> 1)

Then let 𝑇(𝑛)  has the following asymptotic bounds:

1. If 𝑓 𝑛 = 𝑂 𝑛log𝑏 𝑎−𝜖  for some constant 𝜖 > 0, then 𝑇 𝑛 = Θ(𝑛log𝑏 𝑎)

2. If 𝑓 𝑛 = Θ 𝑛log𝑏 𝑎 , then 𝑇 𝑛 = Θ 𝑛log𝑏 𝑎 𝑙𝑔 𝑛

3. If 𝑓 𝑛 = Ω 𝑛log𝑏 𝑎+𝜖  for some constant 𝜖 > 0, and if 𝑎𝑓 𝑛/𝑏 ≤ 𝑐𝑓 𝑛 , for 

some constant 𝑐 < 1 and all sufficiently large 𝑛, then 𝑇 𝑛 = Θ(𝑓(𝑛))



Master Method – Example 1

• Using Master Theorem, find the asymptotic bounds of:

𝑇 𝑛 = 9𝑇
𝑛

3
+ 𝑛

Master Theorem
𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛

1. If 𝑓 𝑛 = 𝑂 𝑛log𝑏 𝑎−𝜖  for some constant 𝜖 > 0, then 𝑇 𝑛 = Θ(𝑛log𝑏 𝑎)

2. If 𝑓 𝑛 = Θ 𝑛log𝑏 𝑎 , then 𝑇 𝑛 = Θ 𝑛log𝑏 𝑎 𝑙𝑔 𝑛

3. If 𝑓 𝑛 = Ω 𝑛log𝑏 𝑎+𝜖  for some constant 𝜖 > 0, and if 𝑎𝑓 𝑛/𝑏 ≤ 𝑐𝑓 𝑛 , for some constant 
𝑐 < 1 and all sufficiently large 𝑛, then 𝑇 𝑛 = Θ(𝑓(𝑛))
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Master Method – Example 2

• Using Master Theorem, find the asymptotic bounds of:

𝑇 𝑛 = 𝑇
2𝑛

3
+ 1

Master Theorem
𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛

1. If 𝑓 𝑛 = 𝑂 𝑛log𝑏 𝑎−𝜖  for some constant 𝜖 > 0, then 𝑇 𝑛 = Θ(𝑛log𝑏 𝑎)

2. If 𝑓 𝑛 = Θ 𝑛log𝑏 𝑎 , then 𝑇 𝑛 = Θ 𝑛log𝑏 𝑎 𝑙𝑔 𝑛

3. If 𝑓 𝑛 = Ω 𝑛log𝑏 𝑎+𝜖  for some constant 𝜖 > 0, and if 𝑎𝑓 𝑛/𝑏 ≤ 𝑐𝑓 𝑛 , for some constant 
𝑐 < 1 and all sufficiently large 𝑛, then 𝑇 𝑛 = Θ(𝑓(𝑛))
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Master Method – Example 3

• Using Master Theorem, find the asymptotic bounds of:

𝑇 𝑛 = 3𝑇
𝑛

4
+ 𝑛𝑙𝑔𝑛

Master Theorem
𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛

1. If 𝑓 𝑛 = 𝑂 𝑛log𝑏 𝑎−𝜖  for some constant 𝜖 > 0, then 𝑇 𝑛 = Θ(𝑛log𝑏 𝑎)

2. If 𝑓 𝑛 = Θ 𝑛log𝑏 𝑎 , then 𝑇 𝑛 = Θ 𝑛log𝑏 𝑎 𝑙𝑔 𝑛

3. If 𝑓 𝑛 = Ω 𝑛log𝑏 𝑎+𝜖  for some constant 𝜖 > 0, and if 𝑎𝑓 𝑛/𝑏 ≤ 𝑐𝑓 𝑛 , for some constant 
𝑐 < 1 and all sufficiently large 𝑛, then 𝑇 𝑛 = Θ(𝑓(𝑛))
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Master Method – Example 4

• Using Master Theorem, find the asymptotic bounds of:

𝑇 𝑛 = 2𝑇
𝑛

2
+ Θ(𝑛)

Master Theorem
𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛

1. If 𝑓 𝑛 = 𝑂 𝑛log𝑏 𝑎−𝜖  for some constant 𝜖 > 0, then 𝑇 𝑛 = Θ(𝑛log𝑏 𝑎)

2. If 𝑓 𝑛 = Θ 𝑛log𝑏 𝑎 , then 𝑇 𝑛 = Θ 𝑛log𝑏 𝑎 𝑙𝑔 𝑛

3. If 𝑓 𝑛 = Ω 𝑛log𝑏 𝑎+𝜖  for some constant 𝜖 > 0, and if 𝑎𝑓 𝑛/𝑏 ≤ 𝑐𝑓 𝑛 , for some constant 
𝑐 < 1 and all sufficiently large 𝑛, then 𝑇 𝑛 = Θ(𝑓(𝑛))
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Master Method – Example 5

• Using Master Theorem, find the asymptotic bounds of:

𝑇 𝑛 = 8𝑇
𝑛

2
+ Θ(𝑛2)

Master Theorem
𝑇 𝑛 = 𝑎𝑇 𝑛/𝑏 + 𝑓 𝑛

1. If 𝑓 𝑛 = 𝑂 𝑛log𝑏 𝑎−𝜖  for some constant 𝜖 > 0, then 𝑇 𝑛 = Θ(𝑛log𝑏 𝑎)

2. If 𝑓 𝑛 = Θ 𝑛log𝑏 𝑎 , then 𝑇 𝑛 = Θ 𝑛log𝑏 𝑎 𝑙𝑔 𝑛

3. If 𝑓 𝑛 = Ω 𝑛log𝑏 𝑎+𝜖  for some constant 𝜖 > 0, and if 𝑎𝑓 𝑛/𝑏 ≤ 𝑐𝑓 𝑛 , for some constant 
𝑐 < 1 and all sufficiently large 𝑛, then 𝑇 𝑛 = Θ(𝑓(𝑛))
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Master Theorem – Proof (Merge-Sort Example)
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f(𝑛)

f(
𝑛

2
) f(

𝑛

2
)

f(
𝑛

4
) f(

𝑛

4
) f(

𝑛

4
) f(

𝑛

4
)

f(
𝑛

8
) f(

𝑛

8
) f(

𝑛

8
) f(

𝑛

8
) f(

𝑛

8
) f(

𝑛

8
) f(

𝑛

8
) f(

𝑛

8
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Θ 1 Θ 1 Θ 1 Θ 1 Θ 1 Θ 1 Θ 1 Θ 1

2 f(
𝑛

2
)

4 f(
𝑛

4
)

8 f(
𝑛

8
)

𝟐𝒍𝒐𝒈𝟐𝒏 f(
𝑛

2𝒍𝒐𝒈𝟐𝒏)

𝟐𝟐f(
𝑛

𝟐𝟐)

𝟐𝟑f(
𝑛

𝟐𝟑)

𝟐𝟏f(
𝑛

𝟐𝟏)



Master Theorem - Proof
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f(𝑛)

f(
𝑛

𝑏
) f(

𝑛

𝑏
)

f(
𝑛

𝑏2) f(
𝑛

𝑏2) f(
𝑛

𝑏2) f(
𝑛

𝑏2)

f(
𝑛

𝑏3) f(
𝑛

𝑏3) f(
𝑛

𝑏3) f(
𝑛

𝑏3) f(
𝑛

𝑏3) f(
𝑛

𝑏3) f(
𝑛

𝑏3) f(
𝑛

𝑏3)

Θ 1 Θ 1 Θ 1 Θ 1 Θ 1 Θ 1 Θ 1 Θ 1

𝒂f(
𝑛

𝑏
)

𝒂𝒍𝒐𝒈𝒃𝒏f(
𝑛

𝑏𝒍𝒐𝒈𝒃𝒏)

a

𝒂𝟐f(
𝑛

𝑏2
)

𝒂𝟑f(
𝑛

𝑏3
)
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Total cost is, 𝑇 𝑛 = 𝒂f(
𝑛

𝑏
) 𝒂𝒍𝒐𝒈𝒃𝒏f(

𝑛

𝑏𝒍𝒐𝒈𝒃𝒏)𝒂𝟐f(
𝑛

𝑏2
) 𝒂𝟑f(

𝑛

𝑏3
)f(𝑛) + + + ++

Total cost is, 𝑇 𝑛 =  ෍

𝑗=0

log𝑏 𝑛 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

Total cost is, 𝑇 𝑛 = 𝒂𝒍𝒐𝒈𝒃𝒏f(
𝑛

𝑏𝒍𝒐𝒈𝒃𝒏
) + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

Total cost is, 𝑇 𝑛 = 𝒂𝒍𝒐𝒈𝒃𝒏f(1) + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

Total cost is, 𝑇 𝑛 = 𝒂𝒍𝒐𝒈𝒃𝒏  + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

𝒍𝒐𝒈𝒃𝒏 = 𝒙

𝒃𝒙 = 𝒏

𝒃𝒍𝒐𝒈𝒃𝒏 = 𝒏
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Total cost is, 𝑇 𝑛 = 𝒂𝒍𝒐𝒈𝒃𝒏  + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
) 𝒍𝒐𝒈𝒃𝒏 𝒍𝒐𝒈𝒌𝒏 =

𝒍𝒐𝒈𝒕𝒏

𝒍𝒐𝒈𝒕𝑘

𝒍𝒐𝒈𝒃𝒏 = 
𝒍𝒐𝒈𝒂𝒏

𝒍𝒐𝒈𝒂𝑏

𝒍𝒐𝒈𝒌𝒔 =
𝟏

𝒍𝒐𝒈𝒔𝑘

𝒌 𝒍𝒐𝒈 𝒙 = 𝒍𝒐𝒈𝒙𝒌

𝒍𝒐𝒈𝒃𝒏 = 𝒍𝒐𝒈𝒃𝒂  𝒍𝒐𝒈𝒂𝒏 

𝒍𝒐𝒈𝒃𝒏 = 𝒍𝒐𝒈𝒂𝒏𝒍𝒐𝒈𝒃𝒂

𝒍𝒐𝒈𝒃𝒏 𝒍𝒐𝒈𝒂𝒂 = 𝒍𝒐𝒈𝒂𝒏𝒍𝒐𝒈𝒃𝒂

𝒍𝒐𝒈𝒂𝒂𝒍𝒐𝒈𝒃𝒏= 𝒍𝒐𝒈𝒂𝒏𝒍𝒐𝒈𝒃𝒂

𝒂𝒍𝒐𝒈𝒃𝒏= 𝒏𝒍𝒐𝒈𝒃𝒂

Total cost is, 𝑇 𝑛 = 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)



Case 1: 𝑓 𝑛 = 𝑛log𝑏 𝑎−𝜖
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Total cost is, 𝑇 𝑛 = 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗(
𝑛

𝑏𝑗
)log𝑏 𝑎−𝜖

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎−𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗(
1

𝑏𝑗(log𝑏 𝑎−𝜖)
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎−𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗(
1

𝑏(log𝑏 𝑎𝑗−𝑗𝜖)
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎−𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗(
𝑏𝑗𝜖

𝑏log𝑏 𝑎𝑗
)



Case 1: 𝑓 𝑛 = 𝑛log𝑏 𝑎−𝜖
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Total cost is, 𝑇 𝑛 = 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎−𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗(
𝑏𝑗𝜖

𝑏log𝑏 𝑎𝑗)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎−𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗(
𝑏𝑗𝜖

𝑎𝑗
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 +
𝒏log𝑏 𝑎

𝒏𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑏𝑗𝜖

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 +
1

𝒏𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑏𝑗𝜖)



Case 1: 𝑓 𝑛 = 𝑛log𝑏 𝑎−𝜖
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Total cost is, 𝑇 𝑛 = 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 +
1

𝒏𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑏𝑗𝜖) To solve this, we'll sum the terms for every value of 𝑗 
from 0 𝐭𝐨  log𝑏 𝑛 − 1 

When j=0, 𝑏𝑗𝜖  =1
When j=1, 𝑏𝑗𝜖  = 𝑏𝜖  
When j=2, 𝑏𝑗𝜖  = 𝑏2𝜖

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 +
1

𝒏𝜖

𝑏𝜖 log𝑏 𝑛 − 1

𝑏𝜖 − 1
)

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 +
1

𝒏𝜖

𝑏log𝑏 𝑛𝜖
− 1

𝑏𝜖 − 1
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 1 +
1

𝒏𝜖

𝑛𝜖 − 1

𝑏𝜖 − 1
Hence proved !!!!!

෍

𝑗=0

𝑛

𝑘𝑗 =
𝑘𝑛+1 − 1

𝑟 − 1

= Θ(𝒏𝒍𝒐𝒈𝒃𝒂)



Case 2: 𝑓 𝑛 = 𝑛log𝑏 𝑎
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Total cost is, 𝑇 𝑛 = 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 +
1

𝒏𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

𝑏𝑗𝜖)

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 + log𝑏(𝑛 − 1 + 1))

= Θ(𝒏𝒍𝒐𝒈𝒃𝒂 log𝑏 𝑛 )

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 + ෍

𝑗=0

log𝑏 𝑛−1 

1)

= 𝒏𝒍𝒐𝒈𝒃𝒂(1 + log𝑏 𝑛 )

Hence proved !!!!!



Case 3: 𝑓 𝑛 = 𝑛log𝑏 𝑎+𝜖

20

Total cost is, 𝑇 𝑛 = 𝒏𝒍𝒐𝒈𝒃𝒂 + ෍

𝑗=0

log𝑏 𝑛−1 

𝑎𝑗𝑓(
𝑛

𝑏𝑗
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎+𝜖 ෍

𝑗=0

log𝑏 𝑛−1 

(
1

𝑏𝑗𝜖
)

= 𝒏𝒍𝒐𝒈𝒃𝒂 + 𝒏log𝑏 𝑎+𝜖 (
1

1−𝑏𝜖)

= (
𝑛𝑙𝑜𝑔𝑏𝑎+𝒏𝒍𝒐𝒈𝒃 𝒂+𝝐−𝑏𝜖𝑛𝑙𝑜𝑔𝑏𝑎

1−𝑏𝜖 )

= Θ(𝒏𝒍𝒐𝒈𝒃𝒂+𝜖)
Hence proved ! ! ! ! !



Thanks a lot

If you are taking a Nap, wake up........Lecture Over
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